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Introduction 

Our aim in this paper is two-fold: we first define a virtual braid group of 
type B n and next construct a weak categorification of this group. 

Virtual knots and braids have been introduced by Kauffman in Kau99j; 
they can be represented by planar diagrams that are like usual link or braid 
diagrams with one extra type of crossings, called virtual crossings. Such 
crossings appear for instance when one projects a generic link in a thickened 
surface onto a plane (see |KK00j or |Kup 03 1 ) . 

The virtual braids with n strands form a group denoted VB n , which gen- 
eralizes the usual Artin braid group B n . The group VB n has a presentation 
with 2(n — 1) generators 

Cl, ■ ■ ■ , 0"n-l) Cl) • • • j Cn-1 , 

where a±, . . . , cr n -i satisfy the usual braid relations, (j, . . . , ( n -i satisfy the 
standard defining relations of the symmetric group S n , and the following 
"mixed relations" are satisfied 

(TiCj = Qvi, if \i ~ j\ > 1, 

and 

= Ci+iCi°i+i> if 1 < i < n- 2. 

As is well known, the braid group B n can be generalized in the framework 
of Coxeter groups. Recall that given any Coxeter system (W,«S) one defines 
a generalized braid group By\> by taking the same generators s 6 S and the 
same relations as for the Coxeter group VV, except the relations s 2 = 1. 
When W is the symmetric group S n , i.e. of type -A n -i in the classification 
of Coxeter groups, then £>w = B n . 

A natural question is: can one similarly attach a generalized virtual 
group VByy to any Coxeter system (W,«S)? The idea for defining such 
a group VBy\> would be, as in the type A case, to use two copies of the 
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generating set S, and to require that the first copy satisfies the relations 
defining £>w, the second one satisfies the relations defining W, and some 
mixed relations involving generators from the two copies of S are satisfied. 

The problem is to come up with an appropriate and meaningful set of 
mixed relations. In this paper, we do not solve the problem in the general 
case, but we focus on the case of Coxeter groups of type B. We use a 
diagrammatic description of the generalized braid group Byy of type B due to 
torn Dieck [tD94| : this description is in terms of symmetric braid diagrams. 
We define a generalized virtual braid group VB b„ of type B n by considering 
symmetric virtual braid diagrams up to some natural equivalence. 

In a second part we "categorify" each newly-defined group VB b„ ■ Here we 
mean categorification in the weak sense of Rouquier, who actually proves a 
stronger version of this result in [Rou06] . More precisely, here to any word w 
in the generators of VBb„ we associate a bounded cochain complex F(w) 
of bimodules such that if two words w and w' represent the same element 
of VBb„, then the corresponding cochain complexes F(w) and F(w') are 
homotopy equivalent. This leads to a morphism from the group VBb„ to 
the group of isomorphism classes of invertible complexes up to homotopy, 
which is not injective. We describe a part of its kernel. The bimodules used 
here have been introduced by Soergel, they have become important in the 
context of knot theory because they come up in the Khovanov-Rozansky 
link homology (see, e.g., [Kho07j). Our categorification extends Rouquier 's 
weak categorification of generalized braid groups and our previous categori- 
fication [ThilO] of the virtual braid group VB n . 

The paper is organized as follows. In Section Q] we recall the definition 
of the virtual braid groups VB n and of an invariant of virtual braids due to 
Manturov, which we see as a homomorphism of VB n into the automorphism 
group of a free group. In Section [2] we recall the definition of the generalized 
braid group of type B n and torn Dieck's graphical description in terms of 
symmetric braid diagrams. 

We propose a definition of a generalized virtual braid group of type B n 
in Section [3j We show that each of its elements can be represented by a 
symmetric virtual braid diagram, but we do not prove the injectivity of this 
representation. Using Manturov's invariant, we show that certain relations 
do not hold in this group although they look natural. 

Section H] is devoted to the Soergel bimodules of type B n . In Section [5] we 
associate a cochain complex of bimodules to each generator of our virtual 
braid group of type B n , and we show that this leads to a categorification of 
this group in the weak sense of Rouquier. 



We first recall the definition of virtual braid groups and of Manturov's 
invariant for virtual braids. 

1.1. The virtual braid groups. Let n be an integer > 2. Following 
[Man04] . [VerOlj . we define the virtual braid group VB n as the group gener- 
ated by oi, . . . , 0„-i and (i, . . . , ( n -i, and the following relations 



1. Virtual braids 



cxj0j = 0j0j, if \i - j\ > 1, 
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CTiO-i + i<7j = a i+1 (Ti(Ti + i, iil <i<n — 2, (1.2) 

00 = 00, if ' 3 > 1- (1.3) 

CiCi+iCi = Ci+iCiCi+i, ifl<i<n-2, (1.4) 

Cf = 1, ifl<t<n-l, (1.5) 

<?iCj = if \i ~ j\ > 1, (1-6) 

a-iCi+iO = Ci+iCi^i+i) if 1 < i < n - 2. (1.7) 



Relations (jl.ip and (|1 .2)) are called braid relations and Relations (jl.3p - Ql.5p 
permutation relations. Relations (|1.6|) and (|1.7p are called mixed relations 
because they involve both generators o~i and Q. 

Elements of VB n can be represented by virtual braid diagrams with n 
strands. Such a diagram is a planar braid diagram with virtual crossings in 
addition to the usual positive and negative crossings. 

The generator <jj can be represented by the usual braid diagram with a 
single positive crossing between the ith and the i + 1st strand; see Figure [IJ 
whereas the generator Q is represented by the virtual braid diagram with a 
single virtual crossing between the ith and the i + 1st strand; see Figure [2j 

1 i-l i i+1 i+2 n 




FIGURE 1. The braid diagram <7j 



1 i—l i i+1 i+2 n 




Figure 2. The braid diagram £i 

We use the following convention: if D (resp. D') is a virtual braid dia- 
gram representing an element (3 (resp. (3') of VB n , then the product f3f3' is 
represented by the diagram obtained by putting D' on top of D and gluing 
the lower endpoints of D' to the upper endpoints of D. 

Relations (jl.ip . (jl.3p . (jl.6p mean that we consider these planar diagrams 
up to planar isotopy preserving the crossings. Relation (jl.2p illustrates the 
classical Reidemeister III move for ordinary braid diagrams. 

Relations (jl.4p and (jl.5p mean that we consider the virtual braid dia- 
grams up to the virtual Reidemeister II— III moves depicted in Figure [3l 
Relation (jl.7p is a graphical transcription of the mixed Reidemeister move 
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Figure 3. Virtual Reidemeister moves 





Figure 4. The mixed Reidemeister move 



of Figure [H (Note that this mixed move involves one positive crossing and 
two virtual ones.) 

The braid group B n is obtained by dropping the generators fi, . . . , Cn-i- 
There is a natural homomorphism B n —¥ VB n obtained by considering each 
braid diagram as a virtual braid diagram without virtual crossings. 



1.2. Manturov's invariant. Manturov [Man03j constructed an invariant 
of virtual braids, which he conjectured to be complete. Since we will be 
using it in Proposition 13.4^ we have to recall its definition. We use the 
version that appeared in the review [Izm04|. 

In this version, Manturov's invariant can be seen as a group homomor- 
phism / : VB n — > Aut(F n+ i), where F n+ \ is the free group on n + 1 genera- 
tors a%, . . . ,a n ,t. The homomorphism / is defined by the following formulas: 



Oj+l 



if j = i, 
if j = i + l, 
otherwise, 

if j = i, 
if j = i + l, 
otherwise, 

, n — 1. 



and f(ai)(t) = /(Ci)(t) = t for all i = 1, . 

Observe that this invariant specializes when t = 1 to an invariant con- 
structed in |FRR97j for welded braids; see also |Ver01| . 



2. Braid groups of type B and symmetric braid diagrams 

Let n be a positive integer. Consider the Coxeter group associated to the 
Dynkin diagram of type B n ; see |Hum90| . 

We denote the associated generalized braid group by Bs n - It has a pre- 
sentation with n generators Sq,s\,..., s n _i, and three families of relations 

SiSj = SjSi, if|i-j|>l, (2.1) 

SiSi+iSi = Si+iSiSi+i, iil <i<n — 2, (2.2) 
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s sis si = sis sis . (2.3) 

In [tD94| torn Dieck gave a diagrammatic description of Bb„ in terms of 
symmetric braid diagrams with 2n strands. 

Fix a vertical line {0} x R in the plane R 2 . Consider the reflection in this 
vertical line. It acts on the underlying graph of a braid diagram. It lifts to 
a reflection on braid diagrams by imposing that the sign of the crossings is 
preserved. (Observe that if one identifies the plane R 2 with {0} xi 2 Cl 3 , 
this reflection can be viewed as a rotation of angle tt around the vertical axis 
{0} 2 X R.) A symmetric braid diagram with 2n strands is a planar braid dia- 
gram with 2n strands that is invariant under this reflection. To make things 
precise, we assume that the upper (resp. lower) endpoints of each symmetric 
braid diagram with 2n strands are the points {— n . . . , — 1,1, ... ,n} x {1} 
(resp. the points {— n . . . , —1, 1, . . . , n} x {0}). We consider the symmetric 
braid diagrams with 2n strands up to planar isotopy preserving the crossings, 
and up to the classical Reidemeister II— III moves, as depicted in Figure [5j 
We stress the fact that neither the isotopies nor the Reidemeister moves 
have to be preserved under the reflection. 




Figure 5. Classical Reidemeister II— III moves 



The equivalence classes of symmetric braid diagrams with 2n strands form 
a group, which torn Dieck [tD94j proved to be isomorphic to the general- 
ized braid group Bb„ of type B n . In this isomorphism, the generator sq is 
represented by the symmetric braid diagram with one positive crossing, as 
in Figure El and each remaining generator s\, . . . , s n _i by the symmetric 
braid diagram with two symmetric positive crossings, as in Figure UJ From 
now on, we will identify each generator Si of Bs n with the corresponding 
symmetric braid. 

-n -2-11 2 n 




Figure 6. The symmetric braid diagram sq 

In terms of symmetric braid diagrams, we see that Relation (|2.ip holds 
because the symmetric braid diagrams corresponding to each term of the 
relation are isotopic. Similarly, the equality in Relation (|2.2p can be proven 
diagramatically using Reidemeister III move. As for Relation (|2.3p . it can 
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—n —i—2 —i —i+1 —1 1 i— 1 i i+1 «+2 re 




Figure 7. The symmetric braid diagram s, (i > 0) 




Figure 8. Proving Relation (I2.3P 



be proven as shown in Figure El (Note that four Reidemeister III moves 
have been used.) 

Forgetting the symmetry condition yields an embedding of Bb„ into the 
group £>2n of usual braids with 2re strands. Before we give a precise for- 
mula for this embedding, let us shift the indices of the 2re — 1 generators cr, 
of Z?2n by — re; in this way the indexing set for the generators becomes the 
set {— re + 1, . . . , re — 1}. The re-indexed generators satisfy the same braid 
relations (jl.ip and (|1.2p . We then define an embedding of Bb„ into the 
group by sending so to o"o, and each remaining Sj to cr-jO", = o"jO"_j 
(i = l,...,re- 1). 

3. Symmetric virtual braids 

We now define a group VBb u , which will be our generalized virtual braid 
group of type B n . 

Definition 3.1. The group VBb„ has the following presentation: it is gen- 
erated by 2re generators sq,s\,..., s n -\ and zq,Z\,..., z n -\, where so, s±, . . ., 
s n -\ satisfy Relations (|2.ip . (|2.2p . (|2.3p . z%, . . . , z n -\ satisfy the relations 



ZiZj = ZjZi, if \i - j\ > 1, (3.1) 

ZiZ i+1 Zi = z i+1 ZiZ i+1 , if 1 < i < re - 2, (3.2) 

z ziZoz 1 = ziz ziz , (3.3) 

zf = l, i/0<i<n-l, (3.4) 
anrf the following "mixed relations" are satisfied 

SiZj = ZjSi, if \i - j\ > 1, (3.5) 

SiZ i+ iZi = Zi+iZiSi+i, if 1 < i < re - 2, (3.6) 

s ziZoZi = z 1 z z 1 s , (3.7) 

z s 1 z z 1 = z 1 z siz 0l (3.8) 
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s z 1 s zi = zisoztso. (3.9) 

By analogy with torn Dieck's graphical description, we want to repre- 
sent elements of VBb„ by symmetric virtual braid diagrams with 2n strands. 
These are planar virtual braid diagrams with In strands, as defined in Sec- 
tion [TTTJ that are symmetric under the reflection in the vertical line {0} x M. 
The reflection is supposed to preserve the virtual crossings as well as the pos- 
itive (resp. the negative) crossings. We consider the symmetric virtual braid 
diagrams with 2n strands up to planar isotopy preserving the crossings, up 
to the classical Reidemeister II— III moves of Figure [5l up to the virtual Rei- 
demeister II— III moves of Figure El and up to the mixed Reidemeister move 
of Figure HI 

We represent the generators so, s\, . . . , s n _i by the symmetric braid dia- 
grams of Section [2j The generator zq is sent to the symmetric virtual braid 
diagram with a single virtual crossing, as in Figure Each remaining gen- 
erator zi, . . . , z n _i is sent to a symmetric virtual braid diagram with two 
symmetric virtual crossings as in Figure [TUl 

-n -2-11 2 n 




Figure 9. The symmetric virtual braid diagram z$ 



—n —i—2 — i— 1 — i — i+1 —1 1 i— 1 i i+1 i+2 n 




Figure 10. The symmetric virtual braid diagram z\ (i > 0) 

Proposition 3.2. Considering symmetric braid diagrams as elements of 
V£>2n yields a well-defined group homomorphism j : VBb u — > V£>2 n defined 
by 

3 (s ) = a , j(z ) = Co, (3.10) 

and 

j(si) = a-io-i = Gia-i, j(zi) = C-iCi = CiC-i (3.11) 
for 1 < i < n — 1. 

Here again as in Section [2J we have shifted the index of the generators of 
the virtual braid group VZ^n by — n. 

This shows that the relations defining the virtual braid group VBb„ of 
type B are adequate. 
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Remark 3.3. We do not claim that j : VBb„ —> VZ?2n is a monomorphism 
but we conjecture that it is. Should this hold, then we could claim that the 
defining relations are sufficient to define VBs n as a subgroup of V£>2n- 

Proof. Using the relations defining Vi?2 n (see Section If .1 p . we now check 
that j{s ),j(si), . . . ,j(s n -x), j(z ),j(z 1 ), . . ., jOn-i) satisfy the defining re- 
lations of VB b„ ■ 

Relations (|2.ip - (|2.3p and ()3.f p ~ (|3,6p are obviously satisfied. 

A graphical proof of Relation (j3.7|) is given in Figure [TT| where we use the 
virtual Reidemeister III move of Figure twice and the mixed Reidemeister 
move of Figured] twice. 




Figure 11. A graphical proof of Relation (|3.7p 



We similarly obtain Relation (|3.8p using four mixed Reidemeister moves, 
as in Figure [T2"l 




Figure 12. A graphical proof of Relation (|3.8|) 



Finally, a graphical proof of Relation (|3.9p is given in Figure [T3l 




Figure 13. A graphical proof of Relation (|3.9p 



□ 
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The inequalities recorded in the following proposition will come up in 
Remarks [53 



Proposition 3.4. (a) In VB n we have 

0~i(i Ci°"i and (i<Ti+lCi ^t+l^iCi+l- 

(b) In VBb u we, have 

Z S 1 Z S 1 / SiZqSiZq. 

Proof, (a) For each relation we will use Manturov's invariant / (see Sec- 
tion II. 2p to show that both sides of the relation do not have the same 
invariant. This will imply the desired inequality in VB n . For the leftmost 
relation, we have 

/ (C»<Ti) (oj) = r l ait and / (aid) (<h) = ta^ 1 a i ai + it~ 1 , 

which are different. 

For the righmost relation, we have 



f(d a i+l a i 



t 


i — ^ 


a i 


!->• 


<H+1 


I-)- 


a-i+2 


!->• 


dj 


(->• 



H+2, 
l i+2 L 



if j + l,i + 2 



and 



f(ai + iffid+i) ■ < 



ij_|_2 u i+l u «+2' 



if j / + l,i + 2. 



3 3 

So /(CiCTj+iCTj) and /(o-j+icrjCi+l) are not equal in Aut 

(b) We want to compare the two elements zqS\ZqS\ and si^osizo of VBb u - 
Their image in VBm under the homomorphism j are respectively the ele- 
ments Cof-if iCo (J -iO'i and <7_i<ti£o0"-i0iCo- To them, we apply Manturov's 
invariant, the group homomorphism / : V£>2n — > Aut(i 7 2n+i)i where i^n+i 
is the free group on the generators a_ n+ i, . . . , a_i, ao, oi, . . . , a n , i, which is 
given by the same formulas as in Section [1.21 

A simple computation shows that 

/(Coc_iO"iCoC-ic r i)(a2) = o-2 t a,Q 1 ta2ai 1 t~ 1 a-itaia^ 1 ^ 1 aota2 

and 

f(o--iaiC a-iaiCo)(a 2 ) = a 2 a± 1 a 2 t~ 1 aQ 1 a_iaota 2 " 1 aia 2 , 
which are different. □ 

Remarks 3.5. 

• The inequalities of Proposition 13.41 (a) imply that, in VBb„ we have 

SiZi 7^ ZiS{ ifO<i<n — 1 

and 

ZiS i+ iSi / s i+ iSiZ i+ i if 1 < % < n - 1. 
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• The second inequality of Proposition 13.41 (a) means that the mixed Rei- 
demeister move of Figure [T4"l involving one virtual crossing and two pos- 
itive crossings, is not allowed. Specializing at t = 1 one observes that 
/(CjO"j + i(Tj) and /(<7i_|_icrjCj + i) become equal in Aut(i ? „). Adding the re- 
lation (jCi+i<Tj = ai + \aiCi+i to the presentation of VB n , one precisely ob- 
tain a presentation of the group of welded braids with n strands defined 
in [FRR97] . 





Figure 14. A forbidden Reidemeister move 



4. SOERGEL BIMODULES 

4.1. Generalities. We consider some bimodules which have been intro- 
duced by Soergel [Soe92] , |Soe95| , |Soe07j in the general context of Coxeter 
groups. 

Let (W, S) be a Coxeter system with generating set S = {sq, ■ ■ ■ , Sn-i} of 
cardinality n. As usual, we denote the order of st, where s,t G S, by m(s, t) 
and we set 

7T 

(si, sj) = - cos — G R . 

m{Si,Sj) 

Let R = R[Ao, . . . , AT n _i] be a real polynomial algebra in n indeterminates 
. . . , X n _\. 

For i = 0, 1, . . . , n — 1 we define an algebra automorphism of R by 

ai(Xj) = Xj - 2 (sj, sj) Xi 

for all j = 0, 1, . . . , n— 1. It is easy to check that aj is an involution and that 
there is a unique action of W on i? by algebra automorphisms such that 

Si (P) = Oi(P) 

for alii = 0, 1, . . . , n — 1 and P G R. 

For any it; G W we consider the following objects: 

(a) the subalgebra R w of elements of R fixed by w\ 

(b) the i?-bimodule B w = R ®rw R; 

(c) the i?-bimodule R w , which coincides with R as a left R- module 
whereas a £ R acts on R w on the right by multiplication by w(a). 

Remarks 4.1. 

• To avoid confusion, let us point out that: 

- among these bimodules, the only ones which are commonly called 
Soergel bimodules are the bimodules B s for s G S, 

- for an arbitrary w G W, Soergel uses the notation £? w for different 
bimodules than us (some indecomposables) that we will not consider 
here. 
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• The bimodules R w already appeared in Soergel's work and they turned 
out to be important in the study of Soergel bimodules. 

We introduce a grading on the algebra R by setting deg(Xfc) = 2 for all 
k = 0, .. . ,n — 1. It induces a grading on the bimodules we consider. We 
will indicate a shift of the grading by curly brackets: if M = ©Afj is a 

Z-graded bimodule and p an integer, then the Z-graded bimodule M{p} is 
defined by M{p}i = M^ p for all i £ Z. 

In the sequel we will systematically identify any bimodule R w 
(resp. B w (8>ij B w i) with R w ® Rw i R (resp. R®r™ R® rw i R) since 



R w <g R B. 



R„ 



)ij R <g RW > R 



R„ 



J R U 



R 



and 



B„ 



1r B w i = R ®xw R (gift R (g RW , R^ R (gftw R ® RW , R. 

The following lemma is straightforward. It will be used repeatedly in 
Section 15.21 

Lemma 4.2. For all uu,w' E W, there are isomorphisms of R-bimodules 

Rw ®R Rw' > Rww' 

sending a<S>b to aw(b), and 



Rn, 



B„ 



B„ 



Rn 



sending a<S>b to a® w(b) (a, b € R). 

4.2. The type B n . When the Coxeter system (W,<S) is of type B n , then 
(si,Si) = — cos (tt) = 1 if i = 0, . . . , n — 1, 



t! °JI 



- COS ^7T j 

cos (it/ 2) 
cos (7r/3) 
cos (7r/4) 







-1/2 

-y/2/2. 



if %-- 
if If 
if %-- 



■j\ > 1, 

1, . . . ,n 



2. 



(«o,si) 
See |Hum90j . 

It follows that the automorphisms ao, ax,..., a n _i act on the polynomial 
algebra R = M.[Xq, . . . , X n _i] by the formulas 



°i 



For 1 < j < n, we have 



X 
X; 



X 


i-> -X , 




Xx 






Xi 


^ X 


if i > 1, 


X 






Xx 


-> -Xl, 




x 2 






X, 


^ Xi 


if % > 2. 


i — y 


—Xj, 




i — y 


Xi + X,- if i = j 


- 1,J + 1, 


i — y 


Xi if % + j 


- l,i, j + 1 



For future use, we shall need an explicit set of algebraically independent 
homogeneous generators for certain subalgebras R w of invariants. Using 
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Chevalley's theorem (see [Hum90, Chap. 3] or }TY05| Chap. 31] for more 
details), one can verify that 

R so = R[V2X + 2X^X1X2,..., X n _i] , 
= R[X ,X 1 + X 2 ,X 1 (V2X +X 1 ),X 3 ,..., X n .{\ , 
i? Sl = R[2X + V2X 1 ,X 1 + 2X 2 , Xl X 3 , X n ^{\ 

and 

= M[Xo + V2X 2 , Xi, X (X + v^XO, X 3j . . . , . 
5. Weak categorification of the virtual braid group of 

TYPE B n 

5.1. Rouquier's weak categorification of generalized braid groups. 

We explain Rouquier's construction following |Rou06]. It works for any 
generalized braid group Byj associated to a finite Coxeter group W. 

To each braid generator Sj G £>w we assign the cochain complex F(si) of 
graded i?-bimodules 

F( Si ) : — >• i?{2} ^> £ Si — ► , (5.1) 

where -B Si sits in cohomological degree 0. The degree-preserving i?-bimodule 
morphism rbj sends any a G i? to aXj (8) 1 + a (g) X j G . 

To the inverse s^ 1 of Sj we assign the cochain complex F(s~ 1 ) of graded 
i?-bimodules 

F(s -i) . o — > B Si {-2} ^> i?{-2} — ► , (5.2) 

where 2} sits in cohomological degree and the degree-preserving R- 

bimodule morphism brj is given by multiplication; in other words, it sends 
a®b£ B Si to ab G R. 

To the unit element 1 G £>yv we assign the trivial complex of graded 
i?-bimodules 

F(l) : — >R — >0, (5.3) 

where R sits in cohomological degree 0. The complex F(l) is obviously a 
unit for the tensor product of complexes. 

Finally to any word w = s £ ^ . . . s? ft where e±, . . . , = ±1, we assign the 
complex of graded i?-bimodules F(w) = F(s e ^) (g>R . . . ®r F(s?*). 

In this context, Rouquier established that if w and w' are words represent- 
ing the same element of Byy, then F(w) and F(w') are homotopy equivalent 
complexes of i?-bimodules. This statement is what we mean by Rouquier's 
weak categorification of generalized braid groups and what we want, for the 
type B case, to generalize to virtual braids. But in fact, Rouquier enhanced 
the above result in |Rou06] . He also conjectured his categorification to be 
faithfull while it will not be true for our generalization to virtual braids; see 
Remarks 15.21 
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5.2. Weak categorification of VBb„- Our aim is to extend the con- 
struction of Rouquier detailed in the former section to the virtual braid 
group VBb„ of type B n defined in Section [3j 

The cochain complexes associated to the generators sf 1 of VBb„ are the 
ones defined by (|5.ip and (|5.2p . 

To the generator Z{ we assign the complex of graded -R-bimodules con- 
centrated in degree 

F(zi) :0^R Sl — ►(). (5.4) 

To any word w in the generators sf 1 and Z{ of VBs n we assign the tensor 
product over R of the complexes associated to the generators involved in 
the expression of w. 

We now state our main result. 

Theorem 5.1. Ifw andw' are words representing the same element ofVBB n 
then F(w) and F(w') are homotopy equivalent complexes of R-bimodules. 

Proof. It is enough to check that there are homotopy equivalences between 
the complexes associated to the pair of words appearing in each defining 
relation of VBb„- 

The checking of this for Relations (|2.ip . (|2.2p . ()2.3p is a consequence of 
Rouquier's work for generalized braid groups. 

Relations ()3.1|) — f)3.4|) only involve the virtual generators Z{. In view of 
the simple form of the complex F(zi), the isomorphims of the corresponding 
complexes directly follow from the first isomorphism in Lemma 14.21 

Similarly, the isomorphism of complexes associated to Relations (|3.5p 
and (j3.6|) can be constructed as performed in [ThilO| in the case of the 
categorification of the virtual braid group of type A. 

We are left with the mixed relations (|3.7p - (|3.9p . Let us first deal with 
Relation (|3.7|) . We have to prove that the complexes F{sqZ\ZqZ\) and 
F(ziZqZiSq) are isomorphic. A simple computation shows that the com- 
plex F(ziZqZiSq) is isomorphic to the following: 

y R SlSQSl {2} -> R SlSQSl (£>r B so )> 0, 

where 

d(a) = a (aia «i (X ) ® I + 1 ® X ) = a(X ® 1 + I ® X ) 
for all a £ R. The complex F{sqZ\ZqZi) is isomorphic to 

— )• R SlS0Sl {2} ^ B S0 ® R R S1S0S1 — 0, 

where 

d'(a) = a (X ® 1 + 1 ® X ) 
for all a € R. Lemma 14.21 provides an isomorphism 

1^ ■ RsiSqsi 5v/{ B so y B SlS0SlS0S1S0Sl (JDiJ Rsisosi ! 

it is given by //(o®6) = a®atiaoai(b), where a,b £ R. Now by Relation (|2.3[) 
the latter bimodule is equal to B S(t ®r R SiSqSi . This allows us to build the 
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following isomorphism of complexes between F(ziZqZiSq) and F(sqZ\ZqZ\): 
>■ i? SlSQSl {2} — ^->- R Sl s oSl ®R B So s- 



id 



A' 



*- i? SlS()Sl {2} ^ B so ®# i? slS0S1 s- 

The vertical maps (and similarly their inverse) commute with the differen- 
tials. Indeed, for a £ i? SlSoS1 , 

fiod(a) = fj, (a (X ® 1 + 1 ® X )) 

= a (X (8) 1 + 1 ® aia ai (X )) 
= a(X ® 1 + 1 ®X ) 
= d'(a). 

Similar arguments allow us to construct an isomorphism of complexes 
between F{zqS\ZqZi) and F(ziZoSiZq), which proves that (|3.8[) is satisfied 
on the level of complexes. 

In order to handle Relation (|3,9p . the first step is to find an isomorphism 
between B so <3 R R S1 ® R B SQ ® R R Sl and R S1 ®R B so ®_r R S1 ® r B sq . Applying 
Lemma 14.21 again, we first observe that 

-Bso ®R ^ai ®R B.s <%>R Rsi — Bs ®R B si s si 

and 

Rsi ®R B so (g> R R Sl (S> R B sq = B SlSQSl tg> R B so . 
Then using the generating set of R w for w £ {sq, sisosi} exhibited in Sec- 
tion 14.21 we can make an isomorphism of i?-bimodules 

p : B so ® B S1SQS1 y B S1SQS1 ® B SQ 

explicit by setting 

ip (1(8) 1(8)1) = 1®1®1, 

yj(l®X ®l) = 1®1®X , 

y>(l®Xi®l) = -X 2 ®1®1+1®1® (Xi+X 2 ) , 

<p (1 <8) <8) 1) = Xi®l®l if > 1 . 

The map p is clearly surjective since any element of R can be written as 
a sum of products of elements of R s ° and R sls o s o_ Le-t, us prove that this 
isomorphism of i?-bimodules is well-defined. We have to check that 

^(l®p®l)=p®l®l (5.5) 

for all p G R s ° ; and 

<^(l®p<g>l) = l®l®p (5.6) 
for all p £ R SlS ° Sl . It is enough to check ()5.5[) (resp. ()5.6j) ) for p equal to the 
generating elements of R so (resp. of R S1SQS1 ). 

For p = Xq (resp. p = X2) Equality (|5.6p (resp. Equality ()5.5j) ) follows 
directly from the definition of ip. For p = Xi with i > 2, Equalities (|5.5p 
and (J5T6D follow from the fact that Xi £ R s ° n i? SlS ° Sl . 

It remains to deal with the elements \/2Xq + 2X\ and Xq of R s °, and 
with the elements X x + X 2 and X 1 (y/2X + Xi) of R S1S ° S1 . Equality (j53j) 
is obvious for Xq since Xq G i? so n i? SlS ° Sl . By definition, 

<p(l ® (v^Xq + 2Xi) ® 1) = -2X 2 ® 1 ® 1 + 1 ® 1 ® (v^Xq + 2Xi + 2X 2 ). 
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Now, y/2Xo + 2Xi + 2X 2 belongs to R s ° n R SlS ° 31 , so we get the expected 
equality 

<p(l ® (V2X + 2X0 ® 1) = (V2Xo + 2X0 ® 1 ® 1 . 

For Xi+X 2 , Equality (|5.6p follows directly from the definition of <p; we have 

99(1 ® (Xi + X 2 ) ® l) = -X 2 ®1®1 + 1®1® (Xi+X 2 )+X 2 ®1®1 

= 1 ® 1 ® (Xi + X 2 ) . 

The last element p £ R s i s o s i f or w hich we have to check Equality (|5.6[) is 
p = Xi (V2X + Xi) . By definition, 

<p(l ® Xx^Xq + ® 1) = -Xa^l^v^Xo 

+10 1® v / 2X (Xi + X 2 ) + Xf (8) 1 (8) 1 
-2X 2 (8 1 (8 (Xx + X 2 ) 
+1 (8 1 (8 (Xi + X 2 ) 2 
= (v / 2X (X 1 +X 2 ) + (X 1 +X 2 ) 2 ) 

-X 2 ® 1 ® (V2X + 2Xi + 2X 2 ) 

+x| ® 1 ® 1 . 

Now remark that X| can be written as follows: 

X 2 2 = (X^v^Xq + Xx) - (Xx + X 2 ) 2 - V2X (X! + X 2 )) 

+ (v^Xo + 2Xi + 2X 2 )X 2 . 

One can check that both 

Xx(V2X + Xi) - (X x + X 2 ) 2 - v / 2X (X 1 + X 2 ) 

and v^Xo + 2X X + 2X 2 belong to R s ° n R S1S ° S1 . So replacing X| by its latter 
expression in the expression of 99(1 ® Xi(v2Xo + Xi) ® l) , we obtain what 
we expected, namely 

cp(l ® Xx(V2X + Xi) ® 1) = 1 ® 1 ® Xi^Xo + Xi) . 

The existence of the bimodule isomorphism (p leads to an isomorphism 
between the complexes F(sqZxSqZx) and F(zxSqZxSq). In fact, F{sqZxSqZx) 
is isomorphic to the complex 

B S0 {2} 
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whose differentials are obtained by composing the ones of F(sqZxSqZx) with 
the isomorphism of Lemma 14.21 More precisely, 



d- 2 (a) = a (X ® 1 + 1 ® X ) , 

d 2 2 {d) = -a {ay (X Q ) ® 1 + 1 ® ax (X Q )) 

= -a((X + V2X 1 )®l + l®(X + V2X 1 )), 

d^ia^b) = a(l®ai(X )®l + l® l®aipf ))6 

= a (l® (Xo + v^-^i) + [x Q + y/2X$)b, 

d 2 1 (a®b) = a(X ® 1® 1 + 1 8> X ® 1)6 



for all a, 6, c £ R. Similarly, the complex F(zxSqZxSq) is isomorphic to 



B ao {2} 




whose differentials are obtained by composing the ones of F(zxsozxso) with 
the isomorphism of Lemma 14. 2\ namely 



d'f 2 (a) = -a (X ® 1 + 1 ® X ) , 

d' 2 2 {a) = a(a x (X Q ) ® 1 + 1® a x (X )) 

= a((X + V2X : ) ® 1 + 1® (X + V2Xx)), 

d'{ l {a®b) = a (ax (Xq) ®1®1 + 1®q!i (Xq) ® 1) b 

= a((X + V2Xi) ® 1® 1 + 1® (Xq + ^Xx) ® 1)6, 

4 _1 ( a ®&) = a(l0l o 1 + 1® 1 ® X ) 6 



for all a, 6, c S -R. We define an isomorphism between these two complexes 
using the identity map (up to a sign) for all factors outside of cohomological 
degree and using ip in degree 0. This can be summarized by the following 
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commutative diagram: 

B S0 {2} 




This morphism of complexes is well-defined: the identities commute with 
the differentials and for all a,b G R, 

cp o d^ia <8 b) = <p (a (l <g> (X + V2Xi) <8 1 + 1 <8 1 ® (X + V^i)) 6) 

= (a <8> 6) 

since (X + v^i) G We also have 

< / ood 2 1 (a<g>&) = <p (« (Xo ® 1 ® 1 + 1 ® -Xo <8 1) b) 
= a (X Q (8 1 (8) 1 + 1 (8) 1 g) X ) b 

since Xo G . This completes the proof. □ 

Remarks 5.2. 

• It is important to work in the homotopy category rather than in the derived 
category since the complexes F(si) and F(s^ 1 ) are both quasi-isomorphic 
to F(zi) while they are not homotopy equivalent to it. 

• We observed in Proposition 13.41 that quite unexpectedly the relation 

ZqSiZqSi = SiZ SiZ 

does not hold in VBb„- Nevertheless the two complexes F(zqSiZqSi) and 
F(siZqS\Zq) are isomorphic. 

The existence of an isomorphism between these complexes follows from 
the isomorphim of i?-bimodules 

i> ■ B Sl (8fl B S0SlSO — > B S0SlS0 (8^ B Sl . 

The isomorphism ip can be expressed in a similar way as the isomorphism 
ip : B SQ (8 B SlSQSl — > B SlSoSl (8 B SQ . Then, just as in the last part of the 
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proof of theorem 15.11 this enable us to construct an isomorphism between 
the complexes F(zqSiZqSi) and F(siZqSiZq). 

• As in the type A case (treated in [ThilOp . the complexes F(siZi) and 
F(ziSi) are isomorphic, which contrasts with the fact that the relation SiZi = 
z-iSi does not hold in VBb u - 

• Although we do not manage to state here that j : VBb„ — > V2?2n is 
injective, it would be interesting to know at least if, for any a E ker(j), the 
complexes F(a) and F(l) are homotopy equivalent. 
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